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The figures in the margin indicate full marks
for the questions

1. Answer the following as directed : 1x10=10

(a) Let G and G’ be finite groups such that
ged(o(G), 0(G’)) =1. Define a homomor-
phism from G to G".

(b) State the fundamental theorem of group
homomorphism.

¢ Let f:G—> G be a group homo-
morphism. Let ae G be such that

o(@ =n and o(f(a)) = m. Then o(f(q)}/ ola)
and f is one-one if and only if

(i m>n
(i) m<n
(iii) m=n
(iv m=n=1
(Choose the correct option)
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(d Let‘ R={0,1,2) mod3. What is the (i)  Let R[x] be the ring of polynomials of a
characteristic of R ? ' ring R and let i

fX)=ay +ayx+---+a, x™

(e) State whether True or False : and g(x)=bg +bx+:-+b, x"

If an element a of a group G has only two

conjugates in G, then N(d) is a normal U dip a2 0ot

subgroup of G. () deg(f(x) + g(x)) < max(m, n)
(N(@: normalizer of a in G) ; (ii) deg(f(x)+gbd)zm+n

(iti) deg(f(x) +g(x)) =m+n

(v) deg(f(x) +g(x)) 2 max (m, n)

(f) State Cauchy’s theorem for a finite
‘ (Choose the correct option)

group G.
() State True or False :
(99 If T is an automorphism of a group G, In a principal ideal domain, every
then o(Ta) = o(a) for all ae G. Now, for all non-zero prime ideal is maximal.
abeG :
(i) o(bab“l) = o(b) 2. Answer the following questions : 2x5=10

i) olbab-1) = (a) Let Z be the additive group of integers
() olbab )= ofg) ; and ¢:Z — Z be defined by ¢x)=x+1,
i o(bab‘l) - o(TH) x € Z. Examine if ¢ is a homomorphism.

3 _i (b) ‘ If R is a ring with no non-zero nilpotent
() obab™") =2 elements, then show that for any

(Choose the correct option) idempotent e, ex = xeV x € R.

(c) The sum of two subspaces of a vector
(h) Give an example of a Euclidean domain. space is again a subspace.

Justify whether it is true or false.
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(d) Let G be a group and Z(G) be the centre

(e)

Answer the following questions :

(@)

(b)
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of G. Show that if clg) = {a}, then
ae Z(G). (cl(a) : the conjugacy class of q

Let f be a hornomorphism from a ring R

onto aring R’, If ¢ is the unity of R, then
fle) is the unity of R’,

Justify whether this statement is true or
false, : : "

Sx4=20

Let G=(R +), G ae Clal 1y ) ang
0:G— G’ is defined by

&(x) = cos2nx + isin2nx, xeR

Prove that 0 is a homomorphism and
determine ker¢.

Or
Iy Lo o0 a Is a group
homomorphism, prove that H is a

normal subgroup of G if and only if f (H)
is a norma] subgroup of G’ |

If Ris a division ring, then show that the
centre Z(R) of R is 1 field.

Or

Let R be a ring having more than one
element such that aqR =R, for all
0+#aeR. Show that R is a division ring.

( Continued )
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4. Answer the following questions :

(@)

(b)
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Prove that a group of order p?, where p
is prime, is Abelian.

Prove that every ideal in a Euclidean
domain is a principal ideal.
10x4=40

Let H and K be two normal subgroups
of a group G such that H c K. Prove that

G G/H

G_G/H 10
K K/H

Or

Let G be the additive group of reals and
N be the subgroup of G consisting of
integers. Prove that & is isomorphic to
the group H of all complex numbers of
absolute value 1 under multiplication.

Let A, B, C be ideals of a ring R such
that Bc A. Show that

AN(B+C)=(ANB)+(AnC)=B+(ANn C) :
1

Or

Let R be a commutative ring with unity.
Show that every maximal ideal of R is
also a prime ideal. Moreover, prove that
if every ideal of R is prime, then R
is a field. 3+7=10
( Turn Over )
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(c) State Sylow’s 1st and 3rd theorems for a
group G. Let o(G) = pg, where p, q are
distinct primes such that p<gq, pfq-1.

Show that G is cyclic. 2+8=10
Or
Let G be a finite group and a€ G. Prove
that
alcligl) =0
o(N(a)) 10

(d) Show that Z[\2]={a++2b:a beZ}isa

Euclidean domain. 10
Or

Prove that any ring can be imbedded
into a ring with unity.

* k %k
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