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MATHEMATICS

( Major )

Paper : 3.1

( Abstract Algebra I

FuLl Marks:8O.

Time :3 hours

The ftgures in the margin indicate full ma.rks

for the question"s

1. Answer tl:e following as directed : lxlo:lo
(a) Let G and G'be finite groups such that

gcd(o(G), o{G'}}= 1- Define a homomor-
phism from G to G'.

(b) State the fundamental theorem of group
homomorphism.

(c) Let f : G -) G' be a goup hono-
morphism. Let ae G be such tJlat
o(4: n and off{qt = rn Then o(f (all lo(al
and ,f is one-one if and only if
(t) m> n
(u) m<n
(iii) m: n
(iu) m=rL=I

(Choose the correct option)
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Let R = {Q | 2} mod3. What is t}re
characteristic of R ?

State whether True or False :

If an element aof a gropp G has only two
conjugates in G, then .lv(a) is a normal
subgroup of G.

(JV(a): n6lslalizer of a in G )

State Cauchy's theorem for a finite
group G.

If ? is an automorphism of a group G,
then o(Ta) = o{4 for aLl ae G. Now, for all
qbeG

(t) o(bab-t1= 6161

(ii) o(bab-l) = o(a)

(iii) o{bab-L1= o(Tbl

(iu) o(bab-I1=2

(Choose the correct option)

(h) Give an exarnple of a Euclidean domain.

:: (31

(t) Let R[x] be the ring of poiynomials of a
ring R and let

f (xl = ao + atx + "'+ a^x^

and gtxl = bo + brx t " 1* .bn xn

If f (xl + gf\xl + O, then

0 deg (/(x) + g(x)l < max(r4 n)

(ii) deg[f(x)+ g(xll>-m+n ' ti

(iii) deg[f(x) + 9{rl',ll = m+n , 
:

(iv) deg(f(x)+ g(d)) > max(rrq nl

(Choose the correct option)

(il State True or Fatrse :

In a principal ideal , donain, every
non-zero prime ideal is maxirnal.

2. Answer the following questions : 2x5= 1O

(a) I,et V, be the additive group of integers
and 0 :Z -+ Z be defined by Q(x) = x * 1,

x e Z. Examine if Q is a homomorphism.

(b) If R is a ring with no rror:zero nilpotent
elements, then show that for any
idempotent e, ex = xev xe R.

(c) The sum of two subspaces of a vector
space is again a subspace.

Justify whether it is true or faise.

(d)

(e)

(fl

(g)
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(d) Let G be
of c. r:i--:':l 

ana !G) be the centre

a e Z (G) i:ff ,,f.":dd:,:i 
",* .11;"

@ Let f be a hcmomorphism from a ring Ronto a ring R,. ff 
" 

i"'ti. ,rrity of R, then/(e) is the unity of R,.
Justify whether this staternent is true orfalse. i

3. Answer the following'questions : Sx4=2O(a) 
1".^" = (8.+), 

.o_= 
({Z e C:lZl=l}, ") and

Q: G --+ G, is defin.O tV
0(4 = cos2nx+ fsin2nx, xe lR

prove,that
determine u3.ll " 

homomorphism and

Or

:t /: G-_g!g-+6, is a group
nomomorphism, prove that H is anormal subgroup of G if "rt ;"lu o, f 6is a normat subgrou;;, bf 

- 
,

(b) if R is a division ring, then show that thecentre z(R) of n isZ;;;."^'"'
Or

Ta 
* be a ring having more than oneelement such that aR = R, for all0 * a e R. Show that R is a divisio., .rrp

(51

Prove that a group of order p2 , where p
is prime, is Abelian.

Prove that every ideal in a Euclidean
domain is a principal ideal.

4. Answer the following questions : 10x4:40

(a) Let H and K be two normal subgroups
of a group G such that .Ff E K. prove that

G _GlH
K K/H

Or

Let G be tl e additive group of reals and
/V be the subgroup of G consisting of
integers. Prove that $ is isomorphic to
tl:e group I{ of all complex numbers of
absolute value I under multiplication.

(b) I.et A, B, C be ideals of a ring R such
that B c A. Show that

: An(B+C)=(A^ Bl+,(A^C)=B+(AnC)
10

Or

L€t R be a commutative ring with unity.
Show that every maximal ideal of R is
also a prime ideal. Moreover, prove that
if every ideal of R is prime, then R

(c)

(d)

10

is a field.
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(c) State Sylow's lst and 3rd theorems for a
group G. Let o(G)= pg, where p, e dre
distinct primes such that p<e, pXq-L.
Show that G is cyclic. 2+8=1O

Or

' Let G be a finite group and ae G. Prove
that

{cl(dl = o(G}
o(urrur,: ,(1V("0 l0

(d.) Show thatZlJ2l= {o"+J-ZA, q beZ) is a

Euclidean domain. 10

Or

. Prove that any ring can be imbedded
into a ring with unity.

***
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