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3(Sem 6) MATH 2

2015

MATHEMATICS

(General)

Theory Paper : E-6.4.

(Advance Calculus)

Full Marks - 80

Time - Three hours

The figures in the margin indicate full marks

for the qubstions.

Answer either in English or in Assamese.

1. Answer the following questions : 1x10:10

Eq\e- fis'r ab{c<'K-{ €-w R<tt c

(a) Define a metric space.

qil d?s RF{-{ q<gl fr$ I
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(b) Consider the usual metric on [0, l] and

describe the open sphere t [], t').-r ' \2- )

[0, l] wg<tlFTE q<g]Ts :{tql<'l ER-$< <IF T@

crr'FF s f!, r) <f+r oqr r- \2' )

(c) Dehne a complete metric space.

'l{ ERs EFK q<gt frrr I

(d) What is upper Riemann integral of a function

f over [a, b] ?

[a, b] qq{l6ls l aa;l-< Bw {Rqd qq6-o ft z

(e) If f, g are bounded and integrable functions

on [a, b] such that f > g, then what is the

relation between f <"1dx and Jist*l a"f

. [a, b] \$sEfF[5 f, g rFFl{ $;1 8R" q1-s

wto-qftR {rc f t g, FN f t*l o" qFF

rb

J, gt"l dx { Tre<t q-46 fr ?
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(0 A lunction f is bounded and integrable on
[a, b] and another function F exists such that
F' : f on [a, b]. Then write the value of

cb

J" 
(*) a*.

[a, b] ws<lats f ebr ftfi\5 ql$ q{+-qfi={ T-".R

wFr [a, b] q-s-qrq\5 ql{, qH v-q-{ F c4KI {.l{
rb

Tl(q F' : ft cscs J-ff*ldx{ {l{ fr"ttr

(g) If n is a positive integer, write down the
value of In.

n qbt <-{lws q{s q$]il E?q, lnE $q' R"fi r

(h) For what values

convergent ?

n< fr {FK <lc<

of n, the integral I" $ tt

l* dx
J. t'' q-{$-ocd qffi ?

(i) Express Jo"slrroe cosq0 de in tenns ol.

Gamma function.

e n/2

Jo sinp0 cosq0dOs rlFil +-o.n\o A-$.1.1 T-{f l



(i) Express JJEt",y) dxdy inpolarco-ordinates.
R

Ijut",y) dxdys s,fi-{ Erilir g"fffi\b q-$f.t

R

T-<I I

2. Answer the followin! questions : 2x5:IA
se\o fi$ €f!rc<rg< o-<l c

(a) The function d:R x R + R is defined by
d(x,y):lx-yi V x,y € R.

Show that d is a metric for R, the set of real
numbers.

d:RxR-+Rrrq-{cbl
d(x, y) : lx - yi v x, y e Rm qw'ffs s-{t
t<qr 6q{€<t 5q'6 q-q-ffi <rs< q<<iK qiQG

Rs qn d?+r

(b) Show that the function f defined by

f 0, rto'hetr x is rational
t (x):

U, wheg x is trrdtrbnal

is not R-integrable on any interval.

f rcr+cDt rselo frst <-{e6t q(EFs o-<t ?<q r

[0, cqfrr] x qil qR-crx q(rBl
f(x) : i , .-,{=-,r -, .arr ntl, c{&{'t xqil q"tRr:m q(qil

cn{€<l c{ c$'lcil q-s-{qrse r +q-{&
P-w1oofi=* n<t t
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(c) Show that the constant function K is

R-integrable and Jur a*: K(b - a) .

6n{s$ c{ ,-qbt &Ks s6F{ 11, B-q-{s-f,fr{ q<F

eb

J"Kdx:K(b - a) |

(d) show that Jj

cq"ls<r cr Ij

dx
)

X-

dx'=
X'

is divergent.

qqq'tfr 
r

(e) Evaluate (nl{ fr'f{ T-{t) 3

Jjlj r"+y)dxdy

3. Answer any four parts: 5x4:20

R mtq fiffit \T(*K €E< s-{t s

(a) Prove that every open sphere is an open set

in a metric space.

d{t"fcl R €bt(R-+ En sfufi 1w caror+Q

€r$fi 1e.- uiaB I
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(b) Prove that every convergent sequence in a

metric space is a Cauchy sequence.

qrr.r +Rt c{ qbr qtr+ Rrs sGlbt qffi
q-{sc{E .qr$trI aft q15q 

1

(c) Prove that the necessary and sufficient
condition for the Riemann integrability of a

bounded function f is that to every e ) 0,
there exists a 5 > 0 such that for every
partition P of [a, b] with llP Il < 5, U(P, 0
- L(R f) < e .

s$q <F-{f c{ qDt fifrs +-qq I'{Rcnr q-{$qfiT

Rrd< emsrfrr qs a{g u6 qA ebi t<,
ffiR\o e > 0 3 <16< €bt 6 > 0 c'l6t {1-n {tcs
[a, b] qs<tat{ dffit Rqsr{ P< <t(< U(P, 0
- L(P, f) <e {b ll Pll <6.

(d) Prove that every continuous function is

R-integrable.

efTtci +-{t C{ dfr(bt \nficqr rqu-dR
P-wlo-ofil r

(e) Prove that (d{lcl +-dl ca)

7 r\
2"ll "++l:1,3,5,.....(2n - 1)Gl\ 2)

(f) Evaluate (${ frf{ TKt)

J; fi-"[r"-r)' + v'] dx av.

4. Answer either (a) and (b) or (c) and (d) :

5+5:10

(a) qt+ (b) a^R<t (c) uFr (d) qfl< €e< +-qt s

(a) The function d : c x c -+R is defined by

d (2,, tr.) : lt, - ,rl v 2,, z, S C where

C and R are the sets of complex and real

numbers. Shou that d is a metric on C.

d : c x c +R T4{tfi sq\o frfl sKc6t q(g]T\5

s-{t t<q {\o C qrs R ecl qFq q<G <rs<l

q("Bt< q(qF I d (zr, zr) : lz, - zrl Yz,,
zz e C. ck-{s<l c{ C qrc&s d ,{fi 1R"+ r

(b) Prove that a subset of a metric space is open

if and only if it is union of a family of open

spheres.

srl"l $<t c{ qDt qRr Erd< qbt €'Hia& eBt

{@ q<<G < {fr qt+ <frrq €"rqiq&r?t ebt

1o csilaFF<r "lRrF-< fr-aa qn 
1
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(c) Let {(x,, d,): i : !,2,3, ""': n} be a finite

class of metric spaces. Show that the function

d defined as follows is a metric on the

Cartesian Product Xr * Xz * *, * X X,"

d(x,, x, , ....'!, \), (y,, Y2, ""',Yn):to' (x'' y')'

sffi qa {(x, d,) : i : !,2,3, ""', n} ebt

frfis qq"li-$ ER-$< EFl-{ :{(erq I cn{s<t R sE\5

fiTt srccct qqw'iT\o A +oqltt <Ffffu $q+q
X,*Xz*xr* *Xn9'eH ulfi"+l

ll

d(x,, xr, ...'..., xn), (Y1, Y2, "",Yn):t,u' (x1' Yi)

(d) Prove that in a metric space' the intersection

of an arbitrary family of closed sets is closed'

qlt ER"-s qlfl\5 R c+lral q"'[s <q qqqF{ cw{

€bt <s q<<& 1R mn't +-+ t

Answer either (a) and (b) or (c) and (d) :

5+5:10

(a) wr+ 0) 4RTt (c) qr+ (d) qq*i< €w oqt c

(a) Let f be a continuous function defined on

[a, b] and f e R [a, bl' Prove t]rat for some

c € [a, b], Iit(") dx: (b - a) f (c) '

5.
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<KI {E [a, b] qs<ilats f eA \ilfiF€ re-eri qr+
f € R [a, b] i cstcqt qbf R-T c € [a, b]< <tc<

rb
6q'{s<l c{ 

J_ 
ft*l dx: (b - a) f (c) I

(b) f is a non-negative continuous function on
rb

[a, b] and J" f(*)dx:0. Prove that f(x) : 0

VXe[a,b].

[a, b] q-s<Tlals f eA qq.ffE"s qR@H qa1-4 qfs
eb

J" ft"ldx:0 t S{tci $<rt c{ f(x) : 0 y x €

[a, b] t

(c) Let f be a bounded function on [a, b]. If the
set of points of discontinuity of f is finite,
then prove that f is R-integrable over [a, b].

[a, b] q-s{lFtv f ebt ftfis €E{ I f +arq-ctl

[a, b] ws<fE-{ )TfiT q("f-s R-aio R@q q?n
e:ilot s-{t c{ f, [a, b] \n-s'<,.les p-q-E+e-ftx 

r

(d) The function f is defined on [0, 3] as

follows : l(x) : x the greatest integer not
greater than x. Show that f is R-integrable

over [0, 3] and find lrtttri o",
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6.

[0,3] Eq-g-{ldrs f T-qry#t vE-rg fr{t <=rc6t
qi@'f$-s $-{t ?<q r f(x) : xds \sls< GTrEf<t
qtrRo"$ \Fts< q"N qi?ffcb I 6n{s<t c{
[0, 3l q-s.{fcrs f TFnrbl p-q"1a-qfiT q^f$

r3qrfts 
Jnf(*)dx{ Tt{ fr"fs s-{lr

Answer either (a) and (b) or (c) and (d) :

5+5:19
(a) w+ (b) {'R-{.r (c) qr$ (d) qi*|-< S-rg= E--$ g

(a) Prove thar (A$q <r<I cl)

B(/,m):[tr
l/+m

(b) Test the convergence of |." . gL-
J_* l +x2

f( dx
J-" 1 * *z q-{$-{cfi< qffiun 'fQqf o-{t r

(c) Prove that (ellq

;l *m-l **n-lrdxJo (l + x) r*,

<r{t c{)

:B(m,n)

7000
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7.

(d) Test the convergence of ftr
f€ dx| __
J, F \n-ff4eB< qffist< elftq 6-q1 1

Answer either (a) and (b) or (c) and ,llr:r'

(a) qt+ (b) TR{f (c) ul+ (d) qvFr €G +-qt e

(a) Evaluate ($q fi.fu sEt) s

enl2 sn

Jo Jocos 
(x+y)dxdy.

(b) Let D be the triangular domain given by

x ) 0, y > 0 and x+y Sl. Then prove that

JJ*-'ro-t(l - x * y),-r dxdy:.ffi.
o r/p+q+r

n fr-VwtG< csGtsFT S x > 0, y > 0 qf$

x+Y <1, NCg €fflq q* *,

JJxn-rro-rrt - x - y)'-r dxdy= lP K tt

D r) 
.fi*q+t



(c) Evaluate

where D i
Y:O,X

II
D

s

vA; -l dx dy

the triangle formed by the lines
landy:x.

llJF:f dx dyq
D

cTsqcd Eq y:0,
qte<t Ggw r

Ttq fr.fr Ft {b D

x: I q1g y: x C<{lC<

(d) Evaruate t I ft-+-gl dx dy
n \ a' b') r

where R is the region in the positive quadrant

of the eltipse 5*F:t,

ry [t 5 #) dxdv< *rfi"fr s-{r {b R

ffi-q-cil qq 
".#:t 

€agq <-{tws

up<fq-f r
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