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MATHEMATICS

( General )

Paper : 6.2

( Advanced Calculus I

Rill Marks: 8O

Time :3 hours

The ftgures in the mnrgin indimte full rnorks

\ for the questiotts

I ensu.ter either in Errytish or in Assam.ese
,

1. Answer the following questions':' Lxlo=l0
vqs fr{f flK<l<T E-q< <'<t :

(a) Considering the usual metric d on [0, 1]

defined by d(x, gl=lx-gl V x, ge [O, 1],

write the closed ball SI#,t] in
interval.

lo, 1l \{s{l6t-s I\@tTs ql{Kl 
1R-+ a< <rc<,

{'e d& A=W-AI V 4 A€ [0, 1], Tfr
crllEFF st*-, *1+ qarilqE fi{r I

(b) What do you mean by limit point of
a subset A of a metric space X?

$+ vtr )r< qbr t"mqtr A{ D-{q RT ftq
ft:srr
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(c) Let A={1, +,*, ...} with t}re usual
metric on R. Find A,, the derived set'of A.

RE {fT{6t ERr< <16{ A' fiqt <5itl T,\9_

1= { I i, +, ...} qp A, qh A{ 4F6qf 5pq
r{T{}IRl-\9 I

{d) If f be a non-negative continuous
tunction on [a, b] and !!f W*= 0, what
is tlre value of f (x) V x e [a, b]?
Ia, bl qs<Frs f qbr q'<{qrs$ vrR&W *_qr
wr+ ffe dx=a, q?q {$-6Er xe[a, b)4
ff6{ /(x}K qn ft r

(e) "No disiontinuous function is Riemann
integrable.,, Is the above statement
always true?
"@'rrq[ qRRr TqrA Riemann q_{$_qfu
Tqr t" Bffif qnT Isf c{r

0 Let f and g be two positive functions

lut"h that "f(xls g(x) v xe[a, bl and

l.s&)ax is convergent. Is ffW*
convergent?

Ia a1 qo-{ars 
"f qre 9 $I fiNrF sq;r

wo /14 s s(x) v xe[q b] qr+ 
fo@axqffi t ff4arqmc+r
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Let f be bounded and R-integrable in
the interval(a, x) where a)0, x > asuch
that iim xt'f (x) exists finitely. For what

x-+€

value of p, will f f t*la*be convergent?

iKT e,"E (q xJ {'\5 a}O, x>a, q-g{fqg /qh ffiqffis qis n-wpnfu T"T{ {Irc

,l5""u/(") &o on+ qn{ r pr fr {FK <t{

fr rwl4sqmq'qr

Write the value of rl/,1).
\2)

rflh ffi ftqT r\91

State Bolzano-Weierstrass theorem.

Bolzano-WeierstrassT $"i"6qrch frqT I

Write the vaiue of f(n) when n is a
positive integer.

n eh {tvtR-r q(l-n E'rE, f (nB lr+ fh$ r

H

(t)

(i)



t4l

2. Answer the following questions :

gq\5 ful g:f(<l:Ff ts1 T-$ :

2x5= 1O

(a) Let X be a non-empty set. The mapping
d.:XxX-+R is defined as follows :

[o if x=u
d(x,u)=1,

L1 if x*A Yx,geX
show that d is a metric for X.

X,sbt qRle= qieF t d:XxX-+R S-,4qztl

sqs ft{f +rcq q\s'rfs p-qt ?qcq:

lo {fr x=U
d(x,A)= l -It {fr x*a Yx,gex

cnt€<l 6q x q\qBs d fi4q(bf eh 1R-+ r

(b) Show that every open sphere for the
metric space (R, d) is an open interval,
where the metric d is defined as

d(x, Ul =lx-Al Y x, g e R

cqls<f fr (B d) tRT qFK afuh Tq cqrqr+?
qrfibf Tc \ry-€qFr {'v d 1R-+< xs.t <b

d(x, A) =lx-Al Y x, g e R

(c) .A function / is defined on [-! 1] as
follows :

IK, u positive constant when x*O
Jlx)= {0, *h.r, r=o

show that f is R-integrable over t- I 1l .
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[-1" 1l Elgiil?[5 I +O;r(tt \5Ee Vemq S-{I

T{C6t li$ffo s?il ?KR :

f (xl = {", *1 ffilFF .r.{r li$T sBil x * o
Io'6fiWx=o

cqxs<i G f TqqztT t-1" 1l q-s"{Hs

R-qtsqnr r

(d) show that the integral |.- "itl "a" i"Ja x2
convergent, a>0.

cq1s<r cr E #* q-$qch qtunR

(a > o)-

(e) Prove that B (nU n) = B(n" ml.

eqFf 
.T{tRB(ta n)=B(n,ml.

3. Answer any four parts :

fr cqrqT uRil qi*m o*e-{ TTr :

5x4:2A

(a) Let R3 = { (xi, x2, xsl I x1, x2, x3 e R, the
set of real numbers ). Define the
mapping d.:R3 xR3 -+R by

J

d(n al = ) lx; -Uil Y x = (xi, x2, xs)
i=1

u = {Ut, az, ael e R3

Show ttrat d. is a metric for R3.
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{Tl E'q R3 = { (x1, x2, xs) I xr, x2, x3 € R,

Tfs-< q\$m qR&). d:R3 xR3+R Fqqdi
qqs rt$ <-{e6t fis'rcE T3t cacq.

J

d(x,Al = ) lxi -Ail V x=(x1, x2, xs)
i=1

U = (Ur, Uz, uz) e R3

fits<l c{ R3 qRftq <rr< d .atl TR"{, r

Prove that in a metric space, the
intersection of a. finite number of open
sets is open.

sntq s-{I C{ qh $o Wo qqq squfis t{s
aiqftn 6sF-{ ..{h 1e TiqB I

Prove that every monotonic increasing
funetion on [q b] is R-integrable over
la. b1.

3frt6l s-{l fi [q b] ws.{-Ee qqw'f<q $kb}
,{Tfr? <h.{t{ TcFr [4 b]qs<nu p-ln.T$qftT 

r

(d.) Examine the convergence of the integral

1i dxt--
Ja x7/2 (1 - x1lls

il dxl;;n o;;tU 
q-irqcbn qffii-sT 'Rq'l

T"II I

(h)

(c)
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(e)

(fl

l7l

Prove rhat (gqlq q$ c{)

BL mt_ 
r(t)r(rn)

' rlI+m)

Evaluate (qlq fi.fu qqt) :

IJ
D

where D is the region x2 +g2 <a2

a o2.d'E D cs-ddT e.'4 x2 + y2

4. Answer either (a) ar (b) :

/a/ +fu /bff G-e< +-<r:

qq'<s trr< t

14A-1000 | L271.
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(a) (y' Prove that in a metric space (X, d.),

the empty set g and the whole space
X are open sets.

${r"i $Tl cs €br ER-+ qn (x d)s, fis
{ia& O 

qrs x qiq& Kh {w qiqB 
I

(ii) Prove that in a rnetric space the
union of a finite nu.mber of closed
sets is closed. Give an example to
show that the union of an infinite
number of closed sets in a metric
space is not necessarily a closed set.

3+3=6
9'5fi"t tr-{t C{ ,{ti TRO qI{. qq{ qi,3ls rqi
qiEFr fr-qq eh <-{ q\a& I qtT bqTqqT{
;RK\5 Cqls<t c{ qB xR+ eno wfrr
qi$T <-m q<e&{ fr""n e'fi T{ q\a&

x2 +y2 dxdg
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(y' Prove that a subset A of a metric
space X is closed if and only if A
contains all its limit points.
gqt"t s<t c{ ,sfT $<' w x{ -sh Gqqiqtr
A qh T{ {iaF E'< {fr qK qfrcq a
qiqfutm q*s-crrrc<K uq\ frT As qrcr 

I

(ii) Prove that in a metric space, every
convergent sequence is a Cauchy
sequence.

s{I6f +<t c{ qbt lRo qt-{. gfuh n'R
\q-{Wfrqffir

Answer either (a) or (b) :

(a) afral/bfr B-s< <'-<r:

(a) Let f be a bounded function on Iq b1

ar:d f € R[q bl. F is another function
such that

F(x)= litVlat y xe fa, bl

Then prove that F is continuous on
lq bl. Further if / is differentiable at a
point xo e lq b], then prove that F is
differentiable at xo and F'(xs)="f (xo).

105.

5+5=10
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(e)

{fl {q lq bl qs:{re\e- 
"f qh ffiftfi\o

qrc / € Rlq bl. F qt;l -sh:F-fi lrcs

Y xe la, bl

sTI"t T3r C{ F sbT qRR{ +e-{ r qrcfr {fr
[q b] qs-ff{l xs R1o I n-+*?r q-<-s-qftT

q{, cscs cqxs{r R xo Rp r qry+cbts

q-{-$-{fr{ qf+ F'(xo) =.f (xo).

(b) (r/ If the function / be bounded and
R-integrable on [4 b] and if there is
a differentiable function F on [q, bl
such that F'(x) = f (x), then prove
that

rb

J.f {4a*= F(b) -r.(a) s

<fr Iq bl qs-slqe 
"f qbr lRfrfi\o qT

n-w1-+-ofu Tq;r aI qw {fr lq bl
wg.$Es eh q-w-{frT T6Fr F cIlas {,lcs
F'(x) = /(x), CurS eIIq T-{l R

h
J,f {*P* = F(b} - F(al

(ii) The function / is defined as follows :

f (xl =-1- *6.n +, . 
" = { (n = O 1,2, ...)

tt, cnr t crL

f(o) = o

Show that / is R-integrable on [e 1]
although it has an infinite number
of points of discontinuity in [e 1]. s

F(x)= fff Vlat
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/ T"{-{ebT ss\5 €*cd"t +KI wc{ T(wrfs
q$ t<q :

f(x)=A *mt --t t

2'" 2,i<xs:: (n=Q l'2'"')

"f(o)=0
cqls<i c{ f T-q-{etT tg lj q-s-{rsE

R-q{+-{fu r sf?s f vqqeh Iq 1l
q-s-<tEs qftq q\.irs R-p qRfu{ 

,

Answer either (a) or B) :

(a)tfu {bft Vs< n-o:

(a) (/ Test the convergence of 3+3=6
(1) trffi*
t2) r d* 

=,,n 
1r + x)Ji

qffiiq 
"r?rml qql ,

(r) fffF*
(2j r d*:

n it+x(x
pzl Show that (fi-t\e<t C{)

fi/'"ino ocoss odo

P>-I, q>-I

4

( Continued )

6. 10

rfr!) r(e!)(z/\2)-;To*q*2\'
lz)
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(b)

is divergent.

cn\e<r R I:*#e qwq-ch

qmR 
r

(ii) Prove that (fl:0"t +-{t cT) :

lI, t"-=t,= dx=B(rrynl; m,n>oro (1 + xl^* n

10T.

4

Answer either (a) or B) :

@) tffir @i < t-w< n-+:

(a) (/ Evaluate (qr+ fr.lh q{r) :

rl{*;*"'l*
(irl Evaluate ({l+ frd,N re-<|) :

rrc dxdudzt#@
where D is the region glven by
*2 +A2 + z2 <1and x) 0,g > 0, z>-O. 6

(l'v D crF-qdf R.'tr x2 +a2 +22< 1ql+
xlO, A>O, z>O)
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(b) (i) Provethat (?Fltct q{ R) z 4

f, *[i"r1xdu = ]e -u
(ii) Prove that (eFn t oO a) :

JIJI". s + zldxdsdt=22
R

whereR:O<x<1; 1 3g<2;2< z<3 6

(q's n: o < x < 1; 1 < a s2; 2 < zs3)

***
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