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Abstract : We deal with Fuzzy bi-to-
pological Space and Separation Axioms.
In this paper, we introduced the concept
of Fuzzy Bi-topological Space which is a
non empty Set X equipped with two fuzzy
topologies on it and different pair wise
separation Axioms are defend as general-
ization of natural Separation axioms.

Introduction :

A fuzzy bi-topological space is a
non-empty Set X equipped with two
fuzzy topologies on it. Different pairwise
separation axioms are defined as gener-
alization of natural separation axioms in
the sense that such a notion reduces to
the natural separation axioms of a fuzzy
topological space when two topological
spaces coincide. In this paper, pairwise,
separation axioms are introduced and a
mixed topology is introduced with the
help of two fuzzy topologies of a fuzzy
bi-topological space. Relation between
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such pairwise separation axioms and nat-
ural fuzzy separation axioms of the mixed
fuzzy topological space are investigated.
Finally, pairwise fuzzy normal bi-topolog-
ical space, pairwise weakly and pairwise
strongly separated space are introduced
and investigated their properties with the
mixed topology.

3. Preliminaries :- For an easy un-
derstanding of the material incorporated
in this paper, we reproduce the follow-
ing definitions and results which can be
found in any standard textbook on fuzzy
topological space.

4. Fuzzy Bi-topological Space : To
cope up with the material incorporated in
this paper, we need some rudiments of
fuzzy topological space. We follow the
terminology and the results of the paper
[12], [53], [93] and [97]. Now we define
separation axioms in a fuzzy bi-topolog-
ical space.
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Definition 4.1 : A fuzzy bi-topolog-
ical space space (X, 3, , 3, is said to be
pairwise T, if of every pair of distinct
fuzzy points x and y in X, there exits J
open set U and a I, open set V. s.t. U (x)
=1, y¢Vandx g V|V (y) = 1.

Definition 4.2 : A fuzzy bi-topologi-
cal space (X, 3, , 3, is said to be pairwise
tuzzy Hausdorff space if for each pair of
distinct points x and y, there are I, open
set Uanda 3, openset Vs.t. U (x) =1,V
(yy=landUNV =0.

Definition 4.3 : A fuzzy bi-topolog-
ical space (X, J, , J) is called — pairwise
fuzzy regular wrt. 3, iff o € (0,1),U €
35 x € Xand o < 1-U (x) imply that
there exits Ve3J, and W €3, with o <
VxVcVand VC I-W (X, 3, ,3) is
called pairwise fuzy regular if it is — fuzzy

regular with respect to I, and 3, fuzzy

regular with respect to 3 1.1
The following theorem plays a key
role in the sequel. It is a relation between
compactness and closeness of a subject
of a pairwise Hausdorff bi-topological
space. The ordinary subset Y is regarded
as a fuzzy subset.
Definition 4.4: If (X, 3, ,3) is a
pairwise Hausdorff fuzzy bi-topological

space and Y is an ordinary -- 1 compact
fuzzy setin X then Y is -- closed.

Proof : Tt is sufficient to show x
is not in Y implies x is not an accumula-
tion point of Y. x, ¢ Y means 1>A>y (x)
and therefore, x ¢ Y. So, x # Y forally
€ Y. by the pairwise Hausdorff character
of (X, 3, , 3, there exists a I, open set

Uand a 3, open set Vs.t. U (x) =V (y)
and U "'V = 0. Thus, forx, £ Y andy
eYUR=(VNY)=1withUnV =0.
Varying y over all points belonging to Y,
the collection {YNV} is an 1" -shading of
Y. so, it is reducible to a finite 1" -subshad-
ing say, {YNV YNV _,
b We write V=V,
Since, U (x) =1 forall 1= i < n,
we have U (x) = 1 and x_€ U Now U
AV = U "o , N U ) (Vv
VU V'V )=0 fory €Y, there exists
YAV s t. YAV, (y) =1 implies Y "V
(y) =1=Y (y) therefore Y m V =Y. Also,
YNU= YNVNU=0 implies that Y (x) =0
or U (x) =0. Therefore, Y (x) + U (x) >1.
Hence Y and U are not quasi-coincident,

yn

and therefore x, is not a J, — accumula-
tion point of Y. This proves that Y is J,
closed.

4.5 Definition : In a pairwise fuzzy
Hausdorff space (X, 3, ,3J3) is I, — 1*
compact subset is I, —closed.

4.6 Definition : With the help of
two fuzzy topologies of a fuzzy bi-to-

pological space a thirdb fuzzy topology
1s defined on it. This topology 1s named
as mixed fuzzy topology. We then relate
separation axioms relative to the mixed
topology with pairwise separation axioms
of the fuzzy bi-topological space.

4.7 Definition : Let (X I3, , 3, bea
fuzzy bi-topological space, {Y_} be a col-
lection of ordinary subsets of X which
are 3, 1* - compact as fuzzy subsets.

Let,T={i ;Y = X} and (3p) be the
collection of fuzzy topologies on X's. t.
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I+ (Y, 3) > X I are contin-
uous where (Y , J,) means subspace to-
pology on X s.t. ia are continuous. That s,
3, (3, is topology s.t.
@ 3, (3) 23, foral Bs.
e 3) 2 X 3) (3)) are
continuous.
(b) If (3) =23, for all B and
i:(Y,3) 2 X 3) are continu-
ous then I, 2 J, (I,
The fuzzy topology 3, (J)) is called
a mixed fuzzy topology on X. Clearly, J,
€{3,} and therefore, I < 3, (3. Al-
though we have used the symbol 3, (3,)
for the mixed topology arising out of

t.i:
(03

fuzzy topologies I, and J,. This mixed
topology 3, (3,), is not the same as
3,(3,), of the preceding paper Cf 3.2.1).
The theorem 4.2 is applied to the rest of
this paper. The following theorem shows
that relation between Hausdorff charac-
ter of the mixed topology and the pair-
wise Hausdorff character of the bi-topo-
logical space.

4.8 Definition : If (X I, ,3J3) is a
pairwise fuzzy Hausdorff space then the

mixed fuzzy topology I, (3)) is a fuzzy
Hausdorff topology.

Proof :- Since (X J, , J)) is a pair-
wise fuzzy Hausdorff space, x,y € X and
x #y there exist Ue 3 and VeI, U (x) =
V () s.t. UnV = 0. To prove that (X, I,
(3)) is a fuzzy Hausdorff space, we claim
that both U and V are 3, (3)) open. Let,
Y, be ordinary subsets of X which are

1*-compact w.r.t. fuzzy topology J, Let,
0 ={i:Y > X} and (3p) be the collec-

tion of inclusion mappings and fuzzy to-
pologies on X s.t. i, : (X, 3, (3)) 2 (X,
SB) are continuous. For each ze Y , i
(U) ) = U (i, () =min {Y, (), U(z)}=
Y,U) ()

Therefore, i," (U) is (Y, J,) open
Since 3, is coarser than J, (3,) I -open
set U is 3, (3,)-open. Similarly, K= i "
(v) =Y,nVis openin (Y, 3,) and there-
fore its complementinY , Y -Kis closes
(Y, 3,). Application of proposition 1.7.9
shows that Y, -Kis (Y 3 — 1*-com-
pact. Also (Y 3,3, ) inherits pairwise
Hausdorff character from X 3,,3).
Then by theorem 4.2.4, Y -Kiis (Y 3)
closed andi,! (v) =Y nv=Kis (Y, 3J)
open for every Y . We claim that ved .
(3). Let I, ={v] i,' e(Y, T, open
for every Y _we claim that ve 3, (3J,). Let
3, =tv] i, me(Y, ) forall Y }Now
3, is a topology on X s.t. i (X, y, , )
2 (X, 3,) are continuous So, J is one
of the members of {SB} and hence 3 is
<3, 3). Now , K=Y NV =i '(v) €(
Y, 3)forallY So,Ve3 3, (3, Now,
K=Y NV=i"we(Y,3J) foralY,So,
Ve3 3, (3. This prove that VeJ,
(3). Thus x,yeX and x# y implies that
there exists UeJ, () and VeI, (3)
with U(x) =V(y)=1 and unv=0. There-
fore , (X, 3, , (3,) is a fuzzy Hausdorff
space.

4.9 Definition : Several authors have
studied fuzzy regularity in different ways.
Some of which are equivalent and others
are independent as shown by Dewan M.
Ali [35]. The following lemmas are asso-
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ciated with the theorem of pairwise fuzzy
regular bi-topological spaces.

4.10 Definition : If U is a closed
relative to subspace topology on y in-
duced from then 3, U=YNU where V
is J-closed.

Proof :-Here the subspace topology
3, ={YNG|GeJ}. Uis I, —closed. So
1-Uis 3, —open. 1-U=YNV where V is
J-open. Therefore 1-U(y)=min {Y(y),
V@i= min {1, VE)}=V(y) implics
that U(y)=1-V(y)=min {Y(y), 1-V()} =
(YNV9) (y). Therefore U=(YNV)=YNU,.
Since V is J-open, V°=U is I-closed.
Here is the representation of open sub-

sets of the supremum topology V3 _ de-
fined 1in 4.3.1.
4.11 Definition : V J_—open sets are

Union of finite intersections of different
J_—open sets
[03

Proof :- Let 3 be the collection of
Unions of finite intersections of members

n
U3, that is I={U (" U), UieU 3,
i=1

Clearly J is a fuzzy topology and (i)
I3 forall o

(i) If 3, is fuzzy in 3 D3I for all a,

o~

n
then, 3 2323 . Let U(MU)ET, Where

=1
U)e3,
1
3, for some i=i=>UgJ_ for all a,

UeU3J theny (2
1=

which contradicts that UEUS(X. Hence
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n

U

i=1
U)e3,

Therefore, and

JI=1.u.b. 30.

4.12 Definition : f: (X, 3) 2 (Y, 3 )
is continuous for all if f: (X, J) =2 (Y, V
J,) is continuous.
Proof = () Let £ (X, J) >

Sy

o

is continuous for all o

(Y,
UeV3, then U=U (2 U) Now
a a 1=1 .
f1(U("U)=U (N f'U)eI. Hence f is
n i=1 ni=
continuous from (X, 3J) to (Y, J_)
for all o.
(i)

continuous Every U in J_is in V3I_and

Let f: (X, 3) 2 (Y, V3)) be

hence
£ (U) € 3. Hence f: (X, 3) =2 (Y,S(x)

1s continuous.

4.13 Definition : Let (X, I, 3J) be
pairwise fuzzy Hausdorff and pairwise
fuzzy regular space, Y, be J,-1*-compact
ordinary subsets of X when regarded as
fuzzy subsets and 3,(3,),
lar for each Y, (

Proof Suppose x€Y, and
Ue3,(3),)° and ae (0,1), st. a<1-U

. is fuzzy regu-
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(x). Then by lemma 4.4.1, U=Y NU,
where U, is J,(3,) — closed. By the con-
tinuity of i, : (Yk, 3)2> X 3J,,3)), 1",
U) 3, ,,. closed, ie. U=Y MU is I
—closed. Since Y, is I -1*-compact set in
the pairwise Hausdorff space (X, 3, 3,
by theorem 4.2.4, Y is 3, -closed. There-
fore by lemma 4.4.1 U is T -closed. Since
X, J,, 3, is pairwise fuzzy regular there
exists VeI and WeJ, with a<V(x)
UcW and VC1-W Also VeJ 3, (3)
implies Ve 3 3, (J,). It can be shown
that We 3 (J) as argued in proposition
4.3.2. We have UCY "W, a<Y "V) (x)
and Y, "VC1-Y "W. Therefore, (Y, I,
3)), i’1yk is fuzzy regular.

4.14 Definition : Let (X, 3, ,3 ) bea
pairwise fuzzy Hausdorff space in which

b

every 3J,-1*-compact sets are J,-1*-com-
pact. Let Y, 3 -1*-compact ordinary sets
and J,(3,) be the mixed topology on X.
If X, 3,,3)) is a fuzzy regular space
thenY,,3,i" ,3,i" ) is pairwise fuzzy
regular for each Y .

Proof :- Suppose x€Y, U is a J,
i' closed set and U=Y,NU where U, is
J,—closed and Y, is I -closed [Cf 4.2.4].
Then U is J, (3)-closed. Since (X, I,
3,) is fuzzy regular, for ae(0,1), Ue(J,
, )¢ xeX and a<1-U (x) there exist V,
We3, , 3, with a<1-V(x), UCW and
Vel-W. Now i! () =Y "VisJ = —
openand hence [1-Y "V]is I | closed.
Since Y, is I -1*-compact, [1-(Y, "V)] is
3, - closed and hence Y "V is J, 1y open
and UCY "W. Now i' (w) =Y "W is

o~ X o~
S, 4 Open. Therefore Y NVeSJ, 19k and
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Y NWed, wo YOVEL- (Y,AW). So,
Y, 3, 0 3, 1yk) 3, - is regular wir.t. .
Hence (Y, 3, i 3, 1) 18 pairwise fuzzy
regular for each Y. This completes the
result.

5. Conclusion :- The results in this
paper gives the structural properties of a
Fuzzy bi-topological space and pairwise
separation axioms as generalization of
natural separation axioms. Many more in-
formations regarding its structural prop-
erties and applications can be expected.
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